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Abstrat
The high auray of modern spae astrometry requires the use of General Relativity to model
the propagation of stellar light through the gravitational eld enountered from a soure to a given
observer inside the Solar System. In this sense relativisti astrometry is part of fundamental physis.
The general relativisti denition of astrometri measurement needs an appropriate use of the
onept of referene frame, whih should then be linked to the onventions of the IAU Resolutions
[1℄, whih x the elestial oordinate system. A onsistent denition of the astrometri observables
in the ontext of General Relativity is also essential to nd uniquely the stellar oordinates and
proper motion, this being the main physial task of the inverse ray traing problem. Aim of this
work is to set the level of reiproal onsisteny of two relativisti models, GREM and RAMOD
(Gaia, ESA mission), in order to garantee a physially orret denition of light diretion to a star,
an essential item for deduing the star oordinates and proper motion within the same level of
measurement auray.
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I. INTRODUCTION
The orret denition of a physial measurement requires the identiation of an appro-
priate frame of referene. This applies also to the ase of the determination of position
and motion of a star from astrometri observations made from within our Solar System.
Moreover, modern instruments homed into spae-borne astrometri probes like Gaia [2℄ and
SIM [3℄ are targeting auray at the miro-arseond level, or higher, thus requiring any as-
trometri measurement be modelled in a way that light propagation and detetion are both
oneived in a general relativisti framework. One needs, in fat, to solve the relativisti
equations of the null geodesi whih desribes the trajetory of a photon emitted by a star
and deteted by an observer with an assigned state of motion. The whole proess takes
plae in a geometrial environment generated by an N-body distribution as ould be that
of our Solar System. Essential to the solution of the above astrometri problem, namely an
inverse ray traing from observational data, is the identiation, as boundary onditions, of
the loal observer's line-of-sight dened in a suitable referene frame (see, e.g. [4, 5, 6℄).
Summarizing from the referenes quoted above, the astrometri problem onsists in the
determination, from a presribed set of observational data (hereafter observables) of the
astrometri parameters of a star namely its oordinates, parallax, and proper motion. How-
ever, while in lassial (non relativisti) astrometry these quantities are well dened, in
General Relativity (GR) they must be interpreted onsistently with the relativisti frame-
work of the model. Similarly, the parameters desribing the attitude and the enter-of-mass
motion of the satellite need to be dened onsistently with the hosen relativisti model.
At present, three oneptual frameworks are able to treat the astrometri problem at the
miro-arseond level within a relativisti ontext.
The rst model, named GREM (Gaia Relativsiti Model) and desribed in Klioner [7℄, is
an extension of a seminal study Klioner and Kopeikin [8℄ onduted in the framework of the
post-Newtonian (pN) approximation of GR. This model has been formulated aording to a
Parametrized Post Newtonian (PPN) sheme aurate to 1 miro-arseond. In this model
nite dimensions and angular momentum of the bodies of the Solar System are inluded and
linked to the motion of the observer in order to onsider the eets of parallax, aberration,
and proper motion. This model is onsidered as baseline for the Gaia data redution [9℄.
The boundary onditions are xed by the oordinate position of the satellite and imposing
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the value of c to the modulus of the light diretion at past null innity. The light path
is solved using a mathing tehnique whih links the perturbed internal solution inside the
near-zone of the Solar System with the (assumed) at external one.
Coneptually similar to the above model is the one developed in Kopeikin and Shäfer
[10℄. Using the post-Minkowskian (pM) approximation, Einstein's equations are solved in
the linear regime expressing the perturbated part of the metri tensor in terms of retarded
Lienard-Weihert potentials. Later, Kopeikin and Mashhoon [11℄ inluded all the relativis-
ti eets related to the gravitomagneti eld produed by the traslational veloity/spin-
depedent metri terms.
Both works, in the pN and pM aproahes, rewrite the null geodesi as funtion of two
independent parameters and solve the light trajetory as a straight line (Eulidean geome-
try) plus integrals, ontaining the perturbations enountered, from a gravitating soure at
an arbitrary distane from an observer loated within the Solar System. This allows one
to transform the observed light ray in a suitable oordinate diretion and to read-o the
aberrational terms and light deetions eets, evaluated at the point of observation. The
main dierene between the two approximations appears in the omputation of the light
deetion ontributions: in the pN sheme by the tehnique of asymptoti mathing, while
in the pM one by a semi-analytial integration of the equation of light propagation from the
observer to the soure with retarted time as argument.
The third and last model, RAMOD, is an astrometri model oneived to solve the inverse
ray-traing problem in a general relativisti framework not onstrained by a priori approx-
imations [5, 12℄. It exploits the onept of a urved geometry as a ommon bakground to
all steps of its funtioning and an be extended to whatever auray and physial require-
ments [13℄. RAMOD therefore is not a just a pN model, ontrary to how was referened in
[14℄. Moreover, the same parametrization of the pN/pM approximations an be obtained
in RAMOD if we limit the model auray to the milli-arseond level [15℄. The full devel-
opment to the miro-arseond level imposes to inlude the h0i metri terms and to take
properly into aount the retarded distane eets due to the motion of the bodies of the So-
lar System [5℄. At present, the RAMOD full solution requires the numerial integration of a
set of oupled non linear dierential equations (also alled master equations) whih allows
to trae bak the light trajetory to the star initial position and whih naturally inludes all
the eets due to the urvature of the bakground geometry. A solution of this system of
3
dierential equations ontains all the relativisti perturbations suered by the photon along
its trajetories due to the intervening gravitational elds. The boundary onditions xed
by the astrometri observable as funtion of an analytial fully relativisti desription of the
satellite allows a unique solution for a stellar position and motion [4℄.
The rst two models, namely the pN and pM ones, though dierent, take advantage of a
similar language that failitate their omparison. RAMOD, on the ontrary, is formulated
in a ompletely dierent way. This makes its omparison with the former two a diult
task. However, sine they are used for the Gaia data redution with the purpose to reate
a atalog of absolute positions and proper motions, any inonsisteny in the relativisti
model(s) would invalidate the quality and reliability of the estimates. This alone is suient
reason for making a theoretial omparison of the two approahes a neessity.
In this paper we present the rst theoretial omparison, showing how it is possible to
extrat the aberration terms from the RAMOD onstrut.
In setion II we review all the building steps of the RAMOD astrometri set-up. In
setion III we ompare the proedures used in GREM to those utilized in RAMOD to dene
the observables and suggest a possible way to make a omparison between the quantities of
these two formulations via the expliitation of the aberration part in the RAMOD framework.
Setion IV is devoted to desribe the GREM alulations of stellar aberration, while the
following one shows how the same eet an be reovered in RAMOD. Setion VI will
nally omment on the results of the omparison and on some ruial points whih have to
be addressed to proeed further with the theoretial omparison of the two models.
II. THE RAMOD FRAMES
The set-up of any astrometri model implies, primarly, the identiation of the gravi-
tational soures and of the bakground geometry. Then one needs to label the spae-time
points with a oordinate system. The above steps allow us to x a referene frame with
respet to whih one desribes the light trajetory, the motion of the stars and that of the
observer.
The RAMOD framework is based on the weak-eld requirement for the bakground ge-
ometry, whih in turn has to be speialized to the partiular ase one wants to model. For
example, having in mind a Gaia-like mission, we an assume the Solar System as the only
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soure of gravity, i.e. a physial system gravitationally bound and weakly relativisti. Then,
only rst order terms in the metri perturbation h (or equivalently in the onstant G as in
the post-Minkowskian approximation) are retained. These terms already inlude all of the
possible (v/c)n-order expansions of post-Newtonian approah, but just those up to (v/c)3 are
needed to reah the miro-arseond auray required for the next generation astrometri
missions, like e.g. Gaia and SIM.
With these assumptions the bakground geometry is given by the following line element
ds2 ≡ gαβdx
αdxβ =
(
ηαβ + hαβ +O
(
h2
))
dxαdxβ ,
where O(h2) ollets all non linear terms in h, the oordinates are x0 = t, x1 = x, x2 =
y, x3 = z, the origin being xed at the baryenter of the Solar System, and ηαβ is the
Minkowskian metri.
For this reason, any omparison between RAMOD and GREM requires that both use the
same metri. In the small urvature limit the metri omponents used in RAMOD are [16℄
g00 = −1 + h00
(2)
+O (4) g0i = h0i
(3)
+O (5) gij = 1 + h00
(2)
δij +O (4) , (1)
where h00
(2)
= 2U/c2, h0i
(3)
= U i/c3, and U and U i are, respetively, the gravitational potential
and the vetor potential generated by all the soures inside the Solar System that an be
hosen aording the IAU resolution B1.3 [1℄. The metri of Eq. (1) is also adopted by
GREM. Finally the subsripts indiate the order of (v/c) (e.g. h0i
(3)
∼ O(3) and O(n) =
O[(v/c)n]).
A. The BCRS
In the near zone of the Solar System and with the metri (1), IAU resolutions provide
the denition of the Baryentri Celestial Referene System (BCRS), and of the Satellite
Referene System (SRS) [1℄. These resolutions, as remarked above, are based on the pN
approximation of GR whih is still onsistent with RAMOD, sine the perturbation hαβ to
the Minkowskian metri in (1) an be alulated at any desired order of approximations in
(v/c) inside the Solar System.
In RAMOD (see de Felie et al. [12℄) a BCRS is identied requiring that a smooth family
of spae-like hypersurfaes exists with equation t (x, y, z) = const. The funtion t an be
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taken as a time oordinate. On eah of these t (x, y, z) = const hypersurfaes one an hoose
a set of Cartesian-like oordinates entered at the baryenter of the Solar System (B) and
running smoothly as parameters along urves whih point to distant osmi soures. The
latters are hosen to assure that the system is kinematially non-rotating. The parameters
x, y, z, together with the time oordinate t, provides a basi oordinate representation of
the spae-time.
Any tensorial quantity will be expressed in terms of oordinate omponents relative to
oordinate bases indued by the BCRS.
B. The loal BCRS
In RAMOD, at any spae-time point there exists a unitary four-vetor uα whih is tangent
to the world line of a physial observer at rest with respet to the spatial grid of the BCRS
dened as:
uα = (−g00)
−1/2 δα0 =
(
1 +
U
c2
)
∂t +O
(
v4
c4
)
. (2)
The totality of these four-vetors over the spae-time forms a vetor eld whih is propor-
tional to a time-like and asymptotially Killing vetor eld [12℄. The proper time measured
by eah of these observers is proportional to the BCRS oordinate time aording to equa-
tion (2). To the order of auray required for Gaia, the rest spae of u an be loally
identied by a spatial triad of unitary and orthogonal vetors whose hoie however an
only be ditated by spei requirements. A natural hoie is that of pointing to the loal
oordinate diretions hosen of the BCRS (gure 1).
This frame will be alled loal BCRS ; obviously, the loal proper time varies as a funtion
of the gravitational potential at the observer's position, as an be dedued from equation
(2). In the RAMOD formalism this loal BCRS is represented by a tetrad whose spatial
axes (the triad) oinide with the loal oordinate axes, but whose origin is the baryenter
of the satellite. At the O (h2), this triad is [4℄
λαaˆ = h0aδ
α
0 +
(
1−
h00
2
)
δαa (3)
for a = 1, 2, 3.
In RAMOD any physial measurement refers to the loal BCRS.
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Figure 1: The loal observer world line with respet to the BCRS oordinate system. The spatial
axes of the BCRS point toward distant soures. The dashed lines are the world lines of the observers
at rest with respet to the baryenter (B). The rest-spae (green area) of u loally deviates from the
spae-like hypersurfae with equation t(x, y, z) = const by terms of the order of a miro-arseond.
C. The proper referene frame for the satellite
The proper referene frame of a satellite onsists of its rest-spae and a lok whih
measures the satellite proper time.
The tensorial quantity whih expresses a proper referene frame of a given observer is
a tetrad adapted to that observer, namely a set of four unitary mutually orthogonal four-
vetors λαˆ one of whih, i.e. λ0ˆ, is the observer's four-veloity while the other λaˆs form a
spatial triad of spae-like four-vetors. Mathematially the tetrad is found as a solution of
the following system [16℄:
ηab = gµνλ
µ
aˆλ
ν
bˆ
(4)
whih allows one to interpret a tetrad frame also as an instantaneous inertial referene
frame. The solution of (4), always omputed w.r.t. the BCRS, is not trivial sine it depends
on the metri at eah spae-time point along the world line of the observer. The physial
measurements made by the observer (satellite) represented by suh a tetrad are obtained by
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projeting the appropriate tensorial quantities on the tetrad axes.
The same measurements an also be dened by splitting the spae-time into two subspaes.
A time-like observer u′α arrying its laboratory is usually represented as a world tube; in
the ase of a non-extended body, the world tube an be restrited to a world line traing the
history of the observer's baryenter in the given spae-time. At any point P along the world
line of u′α, and within a suiently small neighborhood, it is possible to split the spae-time
into a one-dimensional spae and a three-dimensional one [13℄, eah spae being endowed
with its own metri, respetively Uαβ (u
′) = −u′αu
′
β and Pαβ (u
′) = gαβ + u
′
αu
′
β. Clearly,
gαβ = Uαβ (u
′) + Pαβ (u
′) . (5)
The spae with metri Pαβ (u
′) is generated by lines whih stem orthogonally to the world-
line of u′ at P and is denoted as the rest-spae of the observer u′ at P . In this spae one
measures proper lengths. The spae with metri Uαβ (u
′) is generated by lines whih dier
from that of u′ by a riparametrization. In this spae one measures the observer's proper
time.
As a onsequene of Equation (5), the invariant interval between two events in spae-
time an be written as ds2 = Pαβ (u
′) dxαdxβ +Uαβ (u
′) dxαdxβ , from whih we are able to
extrat the measurements of innitesimal spatial distanes and times intervals taken by u′
as, respetively, dLu′ =
√
Pαβ (u′) dxαdxβ and
dTu′ = −c
−1u′αdx
α. (6)
Essentially, the last method is equivalent to the tetrad formalism, when we do not know
the solution of (4) and we need to know only the moduli of the physial quantities. As
far as RAMOD is onerned, given the metri (1) and in the ase of a Gaia-like mission,
an expliit analiti expression for a tetrad adapted to the satellite four-veloity exists and
an be found in [4℄. The spatial axes of this tetrad are used to model the attitude of the
satellite. Moreover, from eq. (6), it is possibile to dedue the IAU trasformations between
the observer's proper time and the baryentri oordinate time, without using any mathing
tenique [15℄. This nally sets the running time on board and ompletes the denition of
the proper referene frame for the Gaia-like satellite.
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III. SINGLE-STEP VS MULTI-STEP DEFINITION OF THE OBSERVABLE AND
A WAY FOR THE RAMOD VS. GREM COMPARISON
The lassial (non relativisti) approah of astrometry has traditionally privileged a
multi-step denition of the observable; i.e., the quantities whih ultimately enter the -
nal atalogue and are referred to a global inertial referene system, are obtained taking
into aount, one by one and independently from eah other, eets suh as aberration and
parallax.
GREM reprodues in a relativisti framework this approah of lassial astrometry. The
BCRS is, for this model, the equivalent of the inertial referene system of the lassial
approah, while the nal expression of the star diretion in the BCRS is obtained after
onverting the observed diretion into oordinate ones in several steps whih divide the
eets of the aberration, the gravitational deetion, the parallax, and proper motion [7℄.
In the previous setion we have mentioned that RAMOD relies on the tetrad formalism
for the denition of the observable. In general, the three diretion osines whih identify
the loal line-of-sight to the observed objet are relative to a spatial triad Eaˆ assoiated to
a given observer u′; the diretion osines w.r.t. the axes of this triad are dened as:
cosψaˆ =
P (u′)αβk
αEβaˆ
(P (u′)αβkαkβ)
1/2
≡ eaˆ, (7)
where kα is the four-vetor tangent to the null geodesi onneting the star to the observer,
and all the quantities are obviously omputed at the event of the observation.
As a onsequene of this denition, given the solution of the null geodesi equation and
the motion and the attitude of the observer, equation (7) expresses a relation between the
unknowns, namely the position and motion of the star, and the observable quantities whih
inludes all of the above eets mentioned for GREM. In other words, in RAMOD it is
not needed and not natural to disentangle eah single eet, relativisti or not. For this
reason any attempt to make a theoretial omparison between the two models is diult,
but the way how the observer tetrad was found in RAMOD suggests a way to overome this
problem.
In Bini et al. [4℄ the attitude frame Eaˆ was stritly speied for measurements made by
a Gaia-like observer. Let us summarize the main steps.
Given the tetrad {λαˆ} adapted to the loal baryentri observer as dened in (Bini et al.
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[4℄ and referene therein) the vetors of the triad {λaˆ} are boosted to the satellite rest frame
by means of an instantaneous Lorentz transformation whih depends on the relative spatial
veloity να of the satellite identied by the four-veloity u′α w.r.t. the loal BCRS uα, and
whose Lorentz fator is given by γ = −uαu′α [17℄.
The boosted tetrad λα
bs αˆ
obtained in this way represents, simarly to what is dened for
Gaia in [18, 19℄, a CoMRS (Center-of-Mass Referene System, omoving with the satellite).
In addition to the denition in the ited works one of the axes is Sun-loked, i.e. one axis
points toward the Sun at any point of its Lissajous orbit around L2, in order to dedue the
Gaia attitude frame. This nal task is obtained by applying the following rotations to the
Sun-loked frame:
1. by an angle ωpt about the vetor λ
α
bs 1ˆ
whih points onstantly towards the Sun, where
ωp is the angular veloity of preession;
2. by a xed angle α about the image of the vetor λα
bs 2ˆ
after the previous rotation;
3. by an angle ωrt about the image of the vetor λ
α
bs 1ˆ
after the previous two rotations,
where ωr is now the spin angular veloity.
The triad resulting from these three steps establishes the satellite attitude triad, given by:
Eaˆ = R1 (ωrt)R2 (α)R1 (ωpt) λ
bsaˆ
a = 1, 2, 3.
The nal triad Eaˆ should be the equivalent, in the RAMOD formalism, to the Satellite
Referene System (SRS) [18℄ of GREM.
One this proedure is ompleted, the nal measurements will naturally entangle in a
single result every G R eet. Therefore, the natural way to extrat any of those eets
in a separate formula, is to onsider equation (7) and express the observable as a funtion
of the appropriate tetrad.
IV. STELLAR ABERRATION IN GREM
As well known stellar aberration arises from the motion of the observer relative to the
BCRS origin, assumed to oinide with the enter of mass of the Solar System. In order to
aount for stellar aberration in the algorithm for the redution of the astrometri observa-
tions, the pN/pM approahes [10, 11℄ transform the observed diretion to the soure (s) into
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the BCRS spatial oordinate diretion of the light ray at the point of observation x(to) ≡ xs
(see gure 2). Now, paraphrasing Klioner [7℄, the oordinate diretion to the light soure at
xs is dened by the four-vetor p
α = (1, pi), where pi = c−1dxi/dt, xi and t being the BCRS
oordinates. But the oordinate omponents pi are not a diretly observable quantities; the
observed vetor towards the light soure is the four-vetor sα = (1, si), dened with respet
to the loal inertial frame of the observer. In the loal frame:
si = −
dX i
dX 0
(8)
where X α are the oordinates in the CoMRS, then in order to dedue the spatial diretion
pi from si it is hosen to proeed as follows.
From the property of a null trajetory and taking into aount the metri whih denes
the BCRS it is
gαβp
αpβ = 0,
namely [
−1 +
(1 + γPPN)w(t, x)
c2
−
2w2(t, x)
c4
]
+
2δij
(
−2 (1 + γPPN)
wi(t, x)
c3
)
pj + δij
(
1 +
(1 + γPPN)w(t, x)
c2
)
pipj = 0
whih gives
1
p
= 1 +
(1 + γPPN)w(t, x)
c2
−
2 (1 + γPPN) δijw
i(t, x)pj
c3
+O(c−4) (9)
where p =
√
δijpipj is the Eulidean modulus of the spatial vetor p and γPPN is the PPN
parameter.
The innitesimal transformation X α(xβ) between CoMRS and BCRS is given by the
formula:
dX α = Λαβdx
β. (10)
From (10) the expression of si as a funtion of the spatial omponents pi is obtained:
si = −
Λi0 + Λ
i
jp
j
Λ00 + Λ
0
jp
j
. (11)
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Figure 2: The vetors representing the light diretion in the pM/pN approhes inside the near-zone
of the solar system.
One an expliit formula (11) by following the proedure reported in [8℄ and adopting the
IAU resolution B1.3 [1℄. From the BCRS (ct, xi) to the CoMRS (cT ,X i), the transformation
between the time oordinates reads:
T = t− c−2[A(t) + δijv
iRjs ] (12)
+c−4[B + δijB
iRjs + δimδjkB
ijRms R
k
s + C(t,x)] +O
(
c−5
)
,
12
and between the spatial oordinates
X i =
[
δij + c
−2
(
1
2
vivj + qF
i
j (t) +D
i
j(t)
)]
Rjs + c
−2Dijk(t)R
j
sR
k
s +O
(
c−4
)
. (13)
All the funtions A, B, C, D are dened in Klioner and Kopeikin [8℄ or in IAU resolutions
and
Ris = x
i − xis
are the oordinate displaements with respet to the enter of mass of the satellite xis in the
BCRS, and nally
vi =
dxis
dt
is the oordinate veloity of the enter of mass of the satellite relative to the BCRS.
As reported in Klioner [19℄, the attitude in GREM (SRS) is obtained by applying an
orthogonal rotation matrix Rai to X
i
in equation (13). At this stage the role of the SRS is
equivalent to that of the Eβaˆ s in eq. (7).
If one keeps all the terms up to the order of 1 miro-arseond, the observed oordinate
diretion si, in terms of the unitary spatial vetor ni = pi/p, beomes in the CoMRS:
si = −ni + c−1 [n× (v × n)]i
+c−2
{
(n · v) [n× (n× v)]i +
1
2
[v × (n× v)]i
}
+c−3
{[
(v · n)2 + (1 + γPPN)w (xs)
]
[n× (v× n)]i
+
1
2
(n · v) [v× (n× v)]i
}
+O
(
v4
c4
)
. (14)
V. RAMOD ABERRATION IN THE PM APPROXIMATION
Whatever tetrad we onsider, the expression of Eq. (7) for the relativisti observable in
the RAMOD model an also be written as [5℄
eaˆ =
(
l¯(0) − ν
)
β
Eβaˆ
γ
(
1− να l¯α(0)
) , (15)
where να is the spatial four-veloity (also alled as the physial veloity) of the satellite u′
relative to the loal barientri observer u. The quantity l¯α(0) was introdued in RAMOD [5℄
13
and is a unitary four-vetor whih represents the loal line-of-sight of the photon as seen by
u, i.e. l¯α(0) = P
α
β (u)k
β
.
Finally, γ is the Lorentz fator of u′α with respet to uα, that is,
− u′αuα =
1√
1− ν2/c2
≡ γ, (16)
where ν2 = νανα.
To retrieve the aberration eet given by the motion of the satellite with respet to the
BCRS in RAMOD, one needs to speialize Eq. (15) to the ase of a tetrad
{
λ˜αˆ
}
adapted to
the enter of mass of the satellite assumed with no attitude parameters. In this ase, in fat,
the observation equation will give a relation between the aberrated diretion represented by
the diretion osines cosψa as measured by the satellite and the aberration-free diretion
given by the quantity l¯α(0) referred to the loal BCRS frame λ
α
aˆ . The vetors of the triad{
λ˜aˆ
}
dier from the loal BCRS's {λaˆ} for a boost transformation with four-veloity u
′α
.
This means that it an be derived from Eq. (3) using the relation [17℄
λ˜αaˆ = P (u
′)
α
σ
[
λσaˆ −
γ
γ + 1
νσ (νρλρaˆ)
]
, (17)
where u′α and να are the above mentioned four-veloity of the satellite and its physial
veloity relative to the loal BCRS respetively, and P (u′)ασ = δ
α
σ + u
′αu′σ.
From de Felie et al. [5℄ and Bini et al. [4℄ it is
u′α =
(
1 +
U
c2
+
1
2
v2
c2
)(
δα0 +
vi
c
δαi
)
+O
(
v4
c4
)
(18)
where vi is the oordinate veloity of the satellite, as stated in the previous setion. Now,
being [5℄
να =
1
γ
(u′α − γuα) , (19)
one dedues that ν0 ∼ O (v4/c4) and
νi =
(
1 +
U
c2
)
vi
c
+O
(
v4
c4
)
. (20)
Expanding Eq. (17) with relations (16) and (19) one gets
λ˜αaˆ = λ
α
aˆ + u
′α (u′|λaˆ)−
(
1
2
+
1
8
v2
c2
)
να (ν|λaˆ)
− u′α
(
1
2
+
1
8
v2
c2
)
(u′|ν) (ν|λaˆ) +O
(
v4
c4
)
(21)
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where the notation (·|·) represents the salar produt, so, e.g., (u′|λaˆ) = gαβu
′αλβaˆ .
Then, using Eqs. (3) (18) and (20) and expanding the salar produts to the right order
we obtain
(u′|λaˆ) =
(
1 +
2U
c2
+
1
2
v2
c2
)
va
c
+O
(
v4
c4
)
(22)
(ν|λaˆ) =
(
1 +
2U
c2
)
va
c
+O
(
v4
c4
)
(23)
(u′|ν) =
v2
c2
+O
(
v4
c4
)
(24)
so that the expression for the boosted tetrad nally beomes
λ˜αaˆ = λ
α
aˆ +
(
1 +
3U
c2
+
1
2
v2
c2
)
δα0
va
c
+
1
2
vi
c
δαi
va
c
+O
(
v4
c4
)
. (25)
A. The (v/c)3 expansion of the relativisti observable
Given Eq. (25) one an onsistently reast Eq. (15) as
e˜aˆ =
(
l¯ − ν
)
β
λβaˆ
γ
(
1− ναl¯α
) +
(
l¯ − ν
)
β
δβ0
γ
(
1− ναl¯α
) (1 + 3U
c2
+
1
2
v2
c2
)
va
c
+
1
2
(
l¯ − ν
)
β
vi
c
δβi
γ
(
1− να l¯α
) va
c
+O
(
v4
c4
)
(26)
where e˜aˆ are the osines related to the tetrad λ˜
α
aˆ whih, as said, does not ontain the attitude
parameters. Here and in the rest of the setion, we replae the symbol l¯α(0) with l¯
α
to ease
the notation.
After long alulations, the rst term on the right-hand-side of this formula an be written
as (
l¯ − ν
)
β
λβaˆ
γ
(
1− να l¯α
) = l¯a + 1
c
[
−va +
(
δijv
il¯j
)
l¯a
]
+
1
c2
{
Ul¯a −
(
δijv
il¯j
)
va +
[(
δijv
il¯j
)2
−
1
2
v2
]
l¯a
}
+
1
c3
{
−2Uva −
[(
δijv
il¯j
)2
−
1
2
v2
]
va+
l¯a
[
3U
(
δijv
il¯j
)
+
(
δijv
il¯j
)3
−
1
2
v2
(
δijv
il¯j
)
+ U
(
δijv
il¯j
)]}
+O
(
v4
c4
)
, (27)
the seond term is zero sine both l¯0and ν0 are zero, while the third one beomes
1
2
(
l¯ − ν
)
i
(vi/c)
γ
(
1− να l¯α
) va
c
=
1
2
[
δij l¯
i v
j
c
+
(
δij
vi
c
l¯j
)2
−
v2
c2
]
va
c
+O
(
v4
c4
)
. (28)
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Finally, olleting all terms:
e˜aˆ = l¯
a +
1
c
[
−va +
(
δijv
il¯j
)
l¯a
]
+
1
c2
{
Ul¯a −
1
2
(
δijv
il¯j
)
va +
[(
δijv
il¯j
)2
−
1
2
v2
]
l¯a
}
+
1
c3
{
−2Uva −
1
2
(
δijv
il¯j
)2
va+
l¯a
[
3U
(
δijv
il¯j
)
+
(
δijv
il¯j
)3
−
1
2
v2
(
δijv
il¯j
)
+ U
(
δijv
il¯j
)]}
+O
(
v4
c4
)
. (29)
At a rst glane, the last expression shows dierenes in terms up to the (v/c)2 order (note
in partiular the appearane of the term Ul¯a) and of the (v/c)3 order whih annot allow to
straightforwardly ompare, as expeted, the above expression to the GREM vetorial one of
Eq. (14).
B. Comparison with the GREM model
The expression (29) relates the observed diretion osines with l¯α. The equivalent relation
for the GREM observable is equation (14) where the aberration is expressed in terms of a
vetor n. To ompare formula (29) with GREM's formula (14) we need to nd a relationship
between n and l¯α. To this purpose we need to redue l¯α to its oordinate eulidean expression
In GREM n represents the aberration-free oordinate line of sight of the observed star
at the position of the satellite momentarily at rest. In RAMOD, as said, l¯α represents the
normalized loal line-of-sight of the observed star as seen by the loal baryentri observer
u. In other words, l¯α is a four-vetor whih xes the line-of-sight of an objet with respet
to the loal BCRS.
Do n and l¯α have a similar role in the two approahes? From the physial point of view
they have the same meaning, as the observed aberration free diretion to the star. Let us
start from the denition of n in GREM:
ni =
pi
p
,
where pi = c−1dxi/dt and p is the Eulidean norm of pi, so that p−1 ≃ (1 + h00 + h0ip
i) +
O (h2), as equation (9) shows. This means that
ni = pi
(
1 + h00 + h0ip
i
)
+O
(
h2
)
. (30)
16
On the other hand, using the denition of l¯α in de Felie et al. [5℄ it an be easily shown
that its spatial omponents are
l¯i = −
ki
uαkα
= −
ki
u0k0
(
−1 + h00 + h0i
ki
k0
) ,
and, from u0 = (−g00)
−1/2
and ki/k0 = c−1dxi/dt ≡ pi, it results
l¯i = pi (−g00)
1/2 (1− h00 − h0ipi)−1
= pi
(
1 +
1
2
h00 + h0ip
i
)
+O
(
h2
)
. (31)
Finally, from equations (30) and (31) one has
l¯i = ni
(
1−
U
c2
)
+O
(
v4
c4
)
(32)
namely, the spatial light diretion, expressed in terms of its Eulidean ounterpart at the
satellite loation in the gravitational eld of the solar system. Worth notiing is that no
terms of the order of O[(v/c)3] appear in (32).
Combining Eq. (29) with (32) and setting (δijv
inj) ≡ v · n to ease the notation, we
obtained
e˜aˆ = n
a +
1
c
[−va + (v · n)na] +
1
c2
{
−
1
2
(v · n) va +
[
(v · n)2 −
1
2
v2
]
na
}
+
1
c3
{
−2Uva −
1
2
(v · n)2 va + (v · n)na
[
2U + (v · n)2 −
1
2
v2
]}
+O
(
v4
c4
)
. (33)
In this way the right-hand side of the aberration expression of RAMOD is rewritten with
the GREM quantities at the (v/c)3 order. The same operation an be done for the left-hand
side using the denition of the projetion operator and the tetrad property λµˆαλµˆβ = gαβ:
e˜aˆ ≡
P (u)αβk
αλ˜βaˆ
(P (u)αβkαkβ)
1/2
=
kαλ˜aˆα
|gαβuαkβ|
= −
kαλ˜aˆα
gαβλ˜α0ˆk
β
=
kαλ˜aˆα
kβλ˜0ˆβ
=
dx˜aˆ
dx˜0ˆ
. (34)
Is there a relation between the diretion osines of the above equation with the spatial
omponents of the observed vetor si in GREM? The ruial point stands on the denition of
the oordinates system. The tetrad omponents of the light ray an be diretly assoiated to
CoMRS oordinates (as done in Klioner [19℄) if the boosted loal BCRS tetrad oordinates
x˜αˆ are equivalent to the CoMRS ones X α. This is true only loally, i.e. in a suiently
small neighborhood (sine the tetrad are not in general olonomous) and if the origins of the
two referene systems onide. So, from (8), if one ould state that
17
dx˜aˆ
dx˜0ˆ
=
dX a
dX 0
≡ −sa,
it would follow
e˜aˆ = −s
a. (35)
In RAMOD, at the milli-arseond level, the rest spae of the loal barientri observer
oinides globally with the spatial hypersurfaes whih foliate the spae-time and dene
the BCRS [12℄. At miro-arseond auray, instead, the vortiity annot be negleted
and the geometry is aeted by non-diagonal terms of the metri hene the t = constant
hypersurfaes do not oinide with the rest-spae of the loal baryentri observer [5℄. Then,
to be onsistent we an only dene at eah point of observation a spatial diretion measured
by the loal baryentri observer and then assoiate it to the satellite measurements via the
diretion osines relative to the boosted attitude frame. As far as GREM is onerned, the
eulidean geometry admits a parallel transport whih does not feel the urvature, allowing
to dene the same vetor in any point of the spae.
Then, equation (35) has only loal validity and (33)an be written as
− sa = na +
1
c
[−va + (v · n)na] +
1
c2
{
−
1
2
(v · n) va +
[
(v · n)2 −
1
2
v2
]
na
}
+
1
c3
{
−2Uva −
1
2
(v · n)2 va + (v · n)na
[
2U + (v · n)2 −
1
2
v2
]}
+O
(
v4
c4
)
.(36)
Considering that n · n = 1 and v2 = δijv
ivj ≡ v · v, the previous equation beomes
sa = −na +
1
c
[va (n · n)− na (v · n)] +
1
c2
{
(v · n) [va (n · n)− na (v · n)] +
1
2
[na (v · v)− va (v · n)]
}
+
1
c3
{
2U [va (n · n)− na (v · n)] + (v · n)2 [va (n · n)− na (v · n)]+
1
2
(v · n) [na (v · v)− va (v · n)]
}
+O
(
v4
c4
)
. (37)
Finally, from the relation a× (b× c) = b (a · c)− c (a · b) it is
sa = −na +
1
c
[n× (v× n)]a +
1
c2
{
(v · n) [n× (v × n)]a +
1
2
[v × (n× v)]a
}
+
1
c3
{[
(v · n)2 + 2U
]
[n× (v × n)]a +
1
2
(v · n) [v × (n× v)]a
}
+O
(
v4
c4
)
(38)
whih is formula(14) for the aberration in GREM if we onsider the ase of GR where
γPPN = 1 and we take into aount that v ≡ x˙o, and U ≡ w (xo).
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Finally, the result obtained with eq. (38) states that, limited to the ase of aberration and
using the appropriate denitions of the IAU reommendations, RAMOD reovers GREM at
the (v/c)3 order.
VI. CONCLUSIONS
This paper ompares two relativisti astrometri models, GREM and RAMOD, both
suitable for modelling modern astrometri observations at the miro-arseond auray.
Their dierent mathematial strutures hinder a straightforward omparison and all for a
more in-depth analysis of the two models. Beause of the struture of GREM, the earliest
stage of a theoretial omparison starts with the evaluation of the aberration eet in
RAMOD. In this regard, we an evidene the following dierenes in: (i) the hoie of the
boundary onditions, (ii) the tools needed to dene the astrometri measurements, (iii) the
attitude implementation, (iv) the denition of the proper light diretion.
Cruial is point (i). The light signal arriving at the loal BCRS along the spatial diretion
lα = P (u)αβk
β
satises the RAMOD master equations, namely a set of non-linear oupled
dierential equations [5℄. Therefore the osines (i.e. the astrometri measurements) taken
as a funtion of the loal line-of-sight (the physial one), at the time of observation (li(0)),
allow to x the boundary onditions needed to solve the master equations and to determine
uniquely the star oordinates. However, sine the diretion osines are expressed in terms
of the attitude, the mathematial haraterization of the attitude frame is essential to
omplete the boundary value problem in the proess of reonstruting the light trajetory.
The vetor n, i.e. the aberration-free ounterpart of lα in GREM, is instead used to derive
the aberration eet (in a oordinate language) and there is no need to onnet it with a
RAMOD-like boundary value problem.
As for the solution of the geodesi equation, RAMOD denes a omplete proedure to
derive the satellite attitude whih depends as input only on the spei terms of the metri
that desribes the addressed physial problem. GREM, instead, embeds the denitions of its
main referene system (BCRS) within the metri, onsequently eah further step depends on
this hoie. This inludes all the subsequents transformations among the referene systems
whih are essential to extrat the GREM observable as funtion of the astrometri unknowns.
On the other side, the RAMOD analytial solution for the attitude frame assures ontrolled
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alghoritms that an be diretly implemented in the solution of the astrometri problem and
guarantee its onsisteny with GR. In RAMOD the diretion osines link the attitude of the
satellite to the measurements, ompating several referene frames useful to determine, as
nal task, the stellar oordinates: the BCRS (kinematially non-rotating global referene
rame), the CoMRS (a loal referene frame omoving with the satellite entre of mass),
and the SRS (the attitude triad of the satellite). The oordinate transformations between
BCRS/CoMRS/SRS ome out naturally one the IAU onventions are adopted. This is
inside the oneptual framework of RAMOD, where the astrometri set-up allows to trae
bak the light ray to the emitting star in a urved geometry, and it is not natural to disen-
tangle eah single eet. Any approximation an be applied a posteriori where it is needed,
ase by ase. This explains items (ii) and (iii) and introdues item (iv).
The diretion osines being physial quantities not depending on the oordinates, are a
powerful tool to ompare the astrometri relativisti models: their physial meaning allow
us to orretly intepret the astrometri parameters in terms of oordinate quantities. This
justied the onversion of the physial stellar proper diretion of RAMOD into its analgous
Eulidean oordinate ounterpart, whih ultimately leads to the derivation of a GREM-
style aberration formula. Another point arises when the observables of RAMOD have to be
identied with omponents of the observed si of GREM. This mathing is admitted only
if the origins of the boosted loal BCRS tetrad in RAMOD and of the CoMRS in GREM
onide.
To what extent the proess of star oordinate reonstrution is onsistent with
GR&Theory of Measurements? Solving the astrometri problem in pratie means to om-
pile an astrometri atalogue at same order of auray of the measurements. This paper
shows that, already at the level of the aberration eet, a orret treatment of physial
meaurements in terms of oordinate quantities needs partiular are in order to avoid mis-
understandings in the interpretation of the quantities whih onstitute the nal atalogue.
As a losing onsideration, the omputation of the BCRS stellar diretion in GREM
needs to extrat, at a seond stage, the deetion terms from the oordinate aberration-
free diretion ni . This problem in RAMOD is, again, embedded in the formulation of the
astrometri problem as global solution whih aims at reovering the star oordinates by
integration of the geodesi equations (treated with an appropriate physial boundary ondi-
tion and approriate referene systems) where the deetion terms play the most fundamental
20
role.
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